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ABSTRACT 
We characterize the equality case of the upper bound 7(D) <~ n + s(n - 2) for 
the exponent of a primitive digraph in the case s >/2, where n is the number of the 
vertices of the digraph D and s is the length of the shortest elementary circuit of D. 
We also answer a question about the equality case when s = 1. The exponent of an 
n × n primitive nonnegative matrix A is the same as the exponent of the associated 
digraph D(A) of A. So every theorem in this paper can be translated into a theorem 
about nonnegative matrices. 
1. INTRODUCTION 
A digraph D is said to be strongly connected if for each ordered pair of 
vertices i, j ~ V(D), there exists a walk from i to j in D. (By a walk we mean 
a directed path with possibly repeated vertices and arcs.) D is a primitive 
digraph if there exists an integer k > 0 such that for all ordered pairs of 
vertices i, j ~ V(D) (not necessarily distinct), there is a walk from i to j with 
length k. The least such k is called the exponent of the primitive digraph D, 
denoted by y(D) .  It is well known that D is primitive if and only if D is 
strongly connected and gcd(rl,  r z . . . . .  rx) = 1, where L(D)= { r 1, r 2 . . . . .  rx } is 
the set of distinct lengths of the elementary circuits of D. 
In [1], A. Dulmage and N. Mendelsohn proved that if r x = s is the length 
of the shortest elementary circuit of D then y(D) <~ n + s(n - 2). In [2] J. A. 
Ross proposed the following problems concerning the equality case of the 
above inequality: 
*This paper forms part of the author's doctoral dissertation written under the supervision of
R. A. Brualdi at the University of Wisconsin, 1984. 
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FIe. l. The digraph B,,,. 
PROBLEM 1. Characterize the primitive digraphs on n vertices with 
shortest circuit length s and exponent n + s(n - 2). 
PROBLEM 2. If D is a primitive digraph on n vertices with shortest 
circuit length s/> 2 and exponent 7(D)  = n + s(n - 2), does D contain an 
elementary circuit of length u? 
PROBLEM 3. Let D be a strongly connected igraph on n vertices which 
contains a loop, and suppose D is not isomorphic to Bi,,, for i = 2 . . . . .  n - I 
(see Figure 1). If the exponent y (D)  = 2n - 2, does D contain an elementary 
circuit of length n ? 
In this paper, we will give answers to Problem 2 and Problem 3. As for 
Problem 1, we will give a necessary and s~ffficient condition for a primitive 
digraph to have 7(D)= n + s(n - 2) when s >/2. 
2. SOME SPECIAL UPPER BOUNDS FOR y(D)  
Let D be a primitive digraph with n vertices, and let 7(D)  be the 
exponent of D. Let L(D)  = { r 1 . . . . .  rx } be the set of distinct lengths of the 
elementary circuits of D where r~ > r 2 >. - .  > r x. Since D is prinfitive. 
gcd(r  1 . . . . .  r~) = 1 (r~ = s is the shortest circuit length of D). 
Let i, j be any ordered pair of vertices of D. Tile exponent frtnn i to j ,  
denoted by y(i,  j ) ,  is the least integer Y such that there exists a walk of length 
m from i to j for 'all m ~ 7. It is clear that 
v(D)= max v( i , j ) .  
i, j ~ V(D)  
Suppose a l ,  • • ' ,  ax is a set of distinct positive integers with 
gcd(a~ . . . . .  a~)= 1. Then we define q)(a l . . . . .  a x) to be the least integer m 
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such that every integer k>~m can be expressed in the form k=Cla  1 
+- . .  +cxa  x where Cl, C2,.. . ,c x are some nonnegative integers. A well- 
known result due to Schur shows that q~(al,..., ax) is well defined when 
gcd(a 1 .... , ax)  = 1. When k = 2, ¢(a 1, a2) = (a I - 1)(a2 - 1). 
For any ordered pair of vertices i, j of D, define the relative distance 
dL(D)(i, j )  from i to j to be the length of the shortest walk from i to j which 
meets at least one circuit of each length ~ for i = 1, 2 . . . . .  h. More generally, 
if R= {r~, . . . . .  r~,} is any subset of L (D)= {r~ . . . . .  rx} such that 
gcd(r~,. . . ,  r~,) = 1, define dR(i, J) to be the length of the shortest walk from i 
to j which meets at least one circuit of each length r~ for k = 1,2 . . . . .  t, and 
let d(rq, ..... ,,)= maxi , jcv(D)dR( i ,  j )  if R = (ri, . . . . .  r~,}. Then 
7(i,  j )  <~ dR(i ,  1)+ ¢(r,,, .... r~,) (2.1) 
and 
Y(D)<~d(rq ...... ,,) + ~b(ri,, .... ri,) (2.2) 
for any subset R= {ri, . . . . .  ri, ) _c {r 1 . . . . .  rx} = L(D)  such that 
gcd(rq .... , ri, ) = 1. 
The proof of (2.1) is easy, and (2.2) follows from (2.1) and the formttla 
y(D)  = maxi, J • V(D) y(i, j). 
Now we want to use these two general upper bounds (2.1) and (2.2) to 
deduce some special upper bounds for 7(D) when L(D)= {r 1 . . . . .  rx) 
satisfies some additional conditions. 
In the following lemmas, D is a primitive digraph on n vertices, L(D)  = 
{ r 1 . . . . .  r x } with r 1 > r 2 > ... > r x is the circuit length set of D, and s = ~x is 
the shortest circuit length of D. 
LEMMA 2.1. Let s >~ 2. Suppose there exists r = r i ~ L( D) such that 
gcd(s, r) = 1. Then 
y(D)  < n + s (n  - 2)  - ( s  - 2 ) (n  - r ) .  
Proof. Take R = ( s, r ) c_ L(D) .  Then by (2.2) we have 7(D) ~< d(s, r) + 
O(s, r). For any ordered pair of vertices x, y, we can first use a walk of length 
n - s to meet a circuit of length s, then use a walk of length ~< n - r to 
meet a circuit of length r, then use a walk of length ~< n - 1 to get to y. This 
shows that d(s,r ) <~ (n  - s )+(n  - r )+(n  - 1). So 
7(D)  ~< d(s,r)+d#(s,r) < [ (n -  s)+(n-  r )+(n-  1)1 +(s -  1 ) ( r -  1) 
= n + s (n  - 2) - (s - 2 ) (n  - r) .  • 
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LEraMa 2,2. I f  s = 2 and there exists r = r~ ~ L( D ) such that r < n and 
gcd(2, r )= 1, then 
7(1))4  n + s(n -2 ) -1=3n-5 .  
Proof. Take R={s , r}c_L (D) .  We have 7(D)4d(~,r l+q)(s,r)where 
if(s, r )  = ~(2, r)  = (2 - 1)(r - 1) = r ~- 1. 
Caz'e I: r 4 n - 2. In this ease we want to show d(~,r )4 3n -- 4 .... r, or 
equivalently to show that dn( i , j )<~3n-4 - r  for all ordered pairs of 
vertices i, j of V(D). 
Subcase 1.1. If for any vertex v of V(D), the distance from ~: to ] is 
4 n -2 ,  then by a similar argument to that in Lemma 2.1, we have 
dR(i, j )4  (n -  s )+(n -  r )+(n -  2)= 3n-  4 -  r. 
Subcase 1.2. If there exists some vertex u ~ V(D) such that the distance 
from u to j is d(u ,  ] )  = n - 1, then starting from i, we can first use a walk of 
length 4 n - 1 to meet u, then use an elementary path P of length n - 1 
from u to j. Because P is an elementary path of length = n - 1, P already 
meets every vertex of D, and hence meets every circuit of D. In this subcase 
dt~( i , j )4 (n -1 )+(n- l )=2n-2~3n-4 - r (because  r4n  -2). 
Combining subcases 1.1 and 1.2, we have 
¥(D)4  d(,,rl +ep(s, r )4 3n-  4 -  r +( r -  1)=3n-  5. 
Case 2: r=n-1 .  In this case we want to show d(~,~)42 , i - -3 ,  or 
equivalently, to show that dR(i, ] )  4 2n - 3 for all ordered pairs i, j of V(D ). 
Subcase 2.1. If the distance from i to j is d( i , j )>~n-2 ,  then the 
elementary path from i to j already meets all the circuits of length 2 and 
length n - 1. So in this subcase 
dR( / ,  j )=  d ( i , / )  ~ n - 1 4 2n - :3. 
Subcase 2.2. If 14d( i , j )4n -3 ,  then i~ j  and one of the two 
vertices i and j must belong to some circuit of length n -  1. Take the 
elementary path from i to j together with a circuit of length n - 1. We have 
dn(i, j )4  d(i, j )+(n  - 1)4  (n - 3 )+(n  - 1 )= 2n - 4. 
Subcase 2.3. If i=  j,  take any circuit C passing through i. If C has 
length n -  1 or n, then C already meets all the other circuits, so that 
dn(i, i )4  n. On the other hand if the length of C is ~< n-  2, notice that 
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every circuit meets a circuit of length n - 1, since s = 2. So C meets some 
circuit H of length n - 1. But then C U H meets every other circuit, and in 
this case dR(i,  j )  <~ (n - 2)+(n  - 1) = 2n - 3. 
Combining subcases 2.1 to 2.3, we see that d(~,r)~< 2n-  3, and ~,(D) ~< 
dts' ~ + ¢(s,  r) <~ (2n - 3 )+(n  - 2) = 3n - 5. 
This completes the proof of Lemma 2.2. II 
LEMMA 2.3. I f  gcd(r, s )> 1 for all r ~ L(D),  then 
y(D)<% n + s (n -4) -  l .  
Proof. The hypothesis and D primitive imply s is not a prime power. So 
8 >~ 6. Let P l . . . . .  Pt be distinct prime divisors of s, so that t >/2. Take 
r~l, . . . .  r~, ~ L (D)  such that gcd(p k, r~k ) = 1 for k = 1,.. . ,  t. (Such r~k exist 
because gcd(r 1 . . . . .  rx)= 1.) Now take R = {s, ri~ . . . . .  ri, } E L(D) ;  then 
gcd(s, ri~,..., ri, ) = 1. By using Vitek's upper bound (gcd(s, rik ) > 1 for k = 
1 . . . . .  t means R = {s, ri~, .... ri, } satisfies the hypothesis of [3, Theorem 4]), 
we have 
¢(s ,  r,~ . . . . .  r,,) < ~s(r  - 2) < ½s(n - 2),  
where r = max{ rl, . . . .  , r~, }. 
Also by using induction on t (t >t- 2), we can easily prove that Pl " " " Pt ~ 
2(t + 1). So 
8 >/P l  " " " P t  >~ 2(t + 1) 
and 
d(s,r,, ...... ,,, <~ (n -s )+(n- r~)+ . . .  +(n-  r~, )+(n -  1) 
<~(t+l ) (n -s )+n-1  
S (n -s )+n- l<. . .2 (n -6)+n-1 .  
Hence 
s $ 
r (O)  < d~,,r,, ...... , ,7+, ( , ,  r,, . . . . .  r,,) < ~(n  - 6 )+ n - 1+ ~(n  - 2) 
=n+s(n-4) - l .  
This completes the proof of Lemma 2.3. • 
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3. THE SOLUTIONS OF PROBLEM 1 (s >~ 2) AND PROBLEM 2 
In this section we will first give a necessary condition for a primitive 
digraph D on n vertices with shortest circuit length s > 2 to have exponent 
7(D)  = n + s (n  - 2). This necessary condition also gives an affirmative solu- 
tion of Problem 2. Then we give a characterization for a primitive digraph D 
with shortest circuit length s > 2 to have ¥(D)  = n + s (n  - 2), which answers 
Problem 1 in the case s ) 2. 
THEOREM 3.1. Let  D be a pr imi t ive  d igraph on n vert ices w i th  shortest 
c i rcu i t  length rx = s ~ 2. Suppose L (  D ) = { r 1 . . . .  , rx } (where  r I > ~:~ - . . . .  > 
r~ as usua l )  does not  sat i s fy  the fo l low ing  condit ion:  
(*) ~, r~ . . . . .  r A are al l  mu l t ip les  o f  s = r x, and  q = n is re lat ively pr ime 
tos .  
Then y (D)  < n + s (n  - 2). 
Proof. If gcd( r , s )> l  for all r~L(D) ,  Lemma 2.3 gives 7(D)4n+ 
s (n -4 ) - l<n+s(n -2) .  Now suppose there exists r~L(D)  with 
gcd(r, s) = 1 but r < n. Then in the case s = 2, Lemma 2.2 gives 7( D ) < n 
s (n  - 2), and in the case s >~ 3, Lemma 2.1 gives ¥ (D)~ n + s (n  - 2) - (.~ 
2)(n - r). So y (D)< n +s(n -  2), since s>~ 3 and r < n. 
The only case left is: n ~ L (D) ,  gcd(s, n) = 1, but gcd(s, r) > 1 for all 
r ~ L (D) \  (n  }. By hypothesis L(D)  = { r t . . . . .  r~ } does not satisfy condition 
(*). Thus we can find r E L (D) ,  s < r < n, such that r is not a multiple of s. 
Now r is not a multiple of s but gcd(r, s) > 1, so s is not a prime mid thus 
s >~ 4. Take R = {s,  r, n}  c_ L (D) .  Then we know y(D)~< d( ....... )+ O(s, r, n). 
By Vitek's upper bound [3, Theorem 1], since r is not a multiple of s, and 
n 4: ar + bs for any pair of nonnegative integers a, b [because gcd(n, s ) = 1. 
but gcd( r , s )> 1], we have O(s, r ,n )<~½s(n-  2). Also d( ........ ~<(n  s )+(n  
- r) + (n - 1). Notice that r > s and god(r, s) > 1. So r > s + 2, and d~,., ~, 
~< 3n - 2s  - 3. Thus we have 
i , - 2 )+3n - 2s -  3 < n + s (n  - 2), 
where we use s >i 4 and 
[n + s in -  '2 ) -  1] - [~s(n -  2 )+,3n-  2s - ;3 ]  
n+2(  4 (n - l ) )  
s ~; -2  > 0. 
This completes the proof of Theorem 3.1. 
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REMAINS. Theorem 3.1 also gives another proof of Dulmage and 
Mendelsohn's upper bound 7(D) <~ n + s(n - 2). For if L(D)  does satisfy 
condition (*), then 
y(D)<~ d(~,~) +eO(s,n) 
<~ [ (n -  s )+(n-  n )+(n-1) l+(s -1 ) (n -1)=n + s (n -  2). 
Now we can give an answer to Problem 2: 
THEOREM 3.2. I f  D is a primitive digraph on n vertices with shortest 
circuit length s >~ 2 and exponent y(D)= n + s(n - 2), then D contains an 
elementary circuit of  length n. 
Proof. This is a direct consequence of Theorem 3.1. • 
The next theorem gives a necessary and sufficient condition for a primi- 
tive digraph D to have y (D)= n + s(n - 2) in the case s >~ 2. 
THEOREM 3.3. Let D be a primitive digraph on n vertices with shortest 
circuit length s >1 2. Then ~(D) = n + s(n - 2) i f f  (after a suitable relabel- 
ling of  vertices) all the following four conditions are satisfied: 
(i) D = K~, n © E', where K,,n is the digraph in Figure 2, E' (an arc 
subset o lD)  is some subset (possibly emp. ty) orE where E = ((j, i)ls + 1 <~ i
<~ j <~ n }, and E' is such that D = Ks,, U E' also satisfies the conditions (if), 
(iii), and (iv). 
(if) The circuit length set L( D ) = { q .. . . .  r x } satisfies the condition (*) in 
Theorem 3.1. 
(iii) D contains a unique circuit of length s. 
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(iv) I f  E '  ~ ;0, then n - 1 is rugt a nonnegative integral combinatio,n c~j 
~/s , r~/s  . . . . .  r~ t / s ,  i.e. 
r~ -- l 
ao 's r '2+a:~s+ "'"  + a ' ~ ,  ~- -s  
fo r  all nonnegat ive integers" a ~, a :~ . . . . .  a,~ ~. 
Proof. Necessity: 
y (D)  = n + s( n - 2) ~ (ii): This follows directly from Theorem 3.1. 
7( D ) = n + s( n - 2) = (i): 3'( D )= n + s( n - 2), so there exists a pair oJ 
vertices x, y ~ V(D)  such that ~,(x, y )= n + s (n  - 2). Take R = { s, n } 
L (D) .  Then by (2.1), we have 
n + s (n -  2)=' / (x ,y )<~ dR(x ,  y )+ep(s ,  n )  <~ da(x ,  y )+(n  - 1)(s - 1): 
SO 
dl~(x,y)>~ 2n-  s -1 .  
On the other hand by all a rgument  like the one before, we have 
dR(x ,  y )  ~< (n -  s )+(n  - n )+(n-  1) = 2n-  s -  1, 
SO 
d ldx ,  y )= 2n-  s -  1 
and we can f ind a vertex z on some circuit C of length s such that 
d(x ,  z )= n - s and d(z ,  y)= n -- 1. Now relabel the vertices of D so that 
z = 1, y = n, and (1,2), (2,3) . . . . .  (n  - 2, n -  1), (n  - 1, n )  is a Halni l tonian 
path from z to y. 
Because d(z ,  y )= n - 1, there are no arcs in D of the form (i, i -e t ) for 
t>~2. 
Also by (ii), L (D)= {r I . . . . .  rx} satisfies condit ion (*). So D oontains a 
circuit H of length n. Consider the arcs in the Hamfl tonian circuit H, and 
let's start from the vertex z = 1. The first arc must increase the label of 
vertices, and by the fact that there are no arcs of the form (i, i + t ) ( t ~ 2) we 
know that the first arc must be (1,2). Then by a simple induct ion (notice that 
in a Hamf l tonian circuit H, no vertex can be repeated except the initial vertex 
z = 1), we conclude that H = {(1,2),(2,3) . . . . .  (n  - 1, n) , (n ,  1)}. 
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We also know that z = 1 is a vertex on some circuit C of length s; by an 
argument like the one for the Hamfltonian circuit H, we see that the only 
circuit of length s containing the vertex z = 1 is the circuit C= 
{(1,2),(2,3) . . . . .  (s - 1, s) , (s ,1)}.  So now we get a subdigraph Ks, n in D. 
Suppose ( j , i )  is any other arc of D which is not in K~.,. Since D 
contains no arcs of the form (i, i + t) (t >/2) and (1, i )~  K ..... we see that 
i ~< j. We want to show s + 1 ~< i ~< j: 
If i ~< s and j ~< s, then ( j ,  i )=  (s, 1), because otherwise we can find a 
circuit of length < s. But then ( j ,  i )=  (s, 1 )~ Ks,,, which is a contradiction. 
If i ~< s and ~ >/s + 1, then notice that s + 1 is the only vertex which does 
not belong to circuit C and d(s + 1,1) >/n - s. So actually x = s + 1 in our 
vertex labeling. Now the walk (s + 1, s +2)  . . . . .  ( j  - 1, j ) , ( j ,  i ) , ( i ,  i + 
1) . . . . .  (n - 1, n)  is a walk from x = s + 1 to y = n with length j - (s + 1)+1 
+ (n -  i )=  n -s  + j -  i, and this walk meets a circuit of length s and a 
circuit of length n. So 
2n-  s -  l=dR(x ,y )~< n-  s + j - i .  
Hence 1 - i >~ n - 1, which implies j = n and i = 1, so ( j ,  i) = (n, 1) ~ K,,  n, 
again a contradiction. So we know that if ( j ,  i )~  D but ( j ,  i )$  K ...... then 
s+l~<i~<j~<n.  Thisproves y (D)=n+s(n-2)  ~ (i). 
"y(D)= n + s (n -  2) ~ (iii): We know from the above that the only 
circuit of length s containing the vertex z = 1 is the circuit C= 
{(1,2),(2,3 . . . . .  ( s -1 ,  s) ,(s,1)}. If there is another circuit C'  of length s 
other than C, then C' does not contain the vertex z = 1. So C' must meet 
some vertex j with s + 1 ~< j ~< n. Then the elementary path from x = s + 1 to 
y = n of length n -s -  1 already meets circuits of lengths s and n. So 
dn(x ,  y) ~< n - s - 1, contradicting the fact that dn(x,  y)  = 2n - s - 1. This 
proves (iii). 
7(D)  = n + s (n  - 2) ~ (iv): If E '  v~ 6~ then each arc ( j ,  i) of E '  (s + 1 ~< i
~< j ~< n)  will produce a new circuit ( ( i , i  + 1) . . . . .  ( j  - 1, j ) , ( j , i ) )  with 
length not equal to s or n. Suppose r2, r 3 . . . . .  rx- 1 are the circuit lengths of D 
other than s and n [by (ii), they are all multiples of s], and suppose 
r3 rx~ 
n - l=azsrZ+a3s+ "'" +ax  ~ s 
for some nonnegative integers a 2 . . . . .  ax -  1. We show ~,(x, y)  = y(s + 1, n)  < 
n + s (n  - 2), to get a contradiction. Because we know y(x,  y)  <~ n + s(n  - 2), 
it will suffice to show that there exists a walk of length n + s(n  - 2) - 1 from 
x=s+l  to y=n.  Now r 2 . . . . .  rx_~>s,  so that n-s - l+r~>~n for i=  
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2 . . . . .  h - 1. Thus the e lementary path from x = s + 1 to y = n (with length 
n - s - 1) already meets all the circuits of length r e . . . . .  rx ~. So there exists a 
walk from x= s+l  to y= n with length n-  s -  l+a~,t~-~-a:~!~ 
+ - - .  +ax_ l rx  I =n-s - l+s(n -1)=n+s(n -2) - l ,  and hence 
y(x, y)<~ n + s (n  - 2) -  1. This contradict ion proves (iv). 
Sufficiency: If E '  =~,  then D = K ..... and y (D)= T(K ..... ) = n + s(~ .... 2). 
So we can assume E '~.  It will suffice to show that 7(s + 1, n)>~ n + s ( ,  - 
2), and for this it stffffices to show that there exists no walk of length 
n + s (n -  2) -  1 from s+l  to n. By (iii), the circuit C= {(1,2),(2,3) . . . . .  (s 
- 1, s) , (s ,  1)} is the un ique circuit of length s in D, so the e lementary path 
{ (s+l , s+2)  . . . . .  (n -1 ,  n)} from s+l  to n does not meet any circuit of 
length s. But it meets all the other circuit of lengths q,  r e . . . . .  rx ~, since 
n - s - 1 + r~ >/n for i = 1,2 . . . . .  2~ - 1. Also note that no arcs in E '  meet the 
(unique)  circuit C of length s. Thus if W is a walk of length n + s(n  - 2) - 1 
from s + 1 to n, then 
, + s (n  - 2 ) -  1 = n - s - 1 + a,2ro " + • . .  + a~ ira 1 + a ln  4 ,~.~', 
where a~ > 0 only when a~ > 0, and a~ . . . . .  a?, are nonnegat ive integers. 
Case 1: a t = O and  hence a ~ = O. Then 
I~ l ' \  1 
s (n -1)=ae~2+- . .  ~-a,, lrx j, n - l=ao- -+ . . . -~a~ i - - -  
" S ,~,' 
contradicts (iv). 
Case 2: a t>0.  Then s (n - l ) - - -aor  2+ . . .  +a~ ira i +a~s+al** ,  
But ~ . . . . .  ra ~ are all mult iples of s, so atn  is a mult iple of s. Now 
gcd(s ,n )= l ,  so a t is a mult iple of s. Hence a t>0 ~ a l >/ s, and we get 
s (n  - 1)>i sn, a contradict ion. So there exists no walk of length n + sI ~* -- 2) 
- 1 from s + 1 to n. This completes the proof of Theorem 3.3. 
4. THE ANSWER FOR PROBLEM 3 
THEOREM 4.1. The digraph D in Figure 3 is an example  o f  a pr imi t ive  
d igraph wh ich  conta ins  a loop, is not  isomorphic  to B~, ~ fo r  i = 2 . . . . .  r~ - 1 
(see Figure 1), and has exponent  7(D)= 2n  -2 ,  but  does" not  conta in  an 
e lementary  c i rcui t  o f  length n. 
Proof. The digraph D in F igure :3 consists of a circuit (1, 2), (2,;3) . . . . .  (l~ 
- 2, n - 1),(n - 1, 1) of length n - 1, another two arcs (n  - 1, n)  and ( n, j -~ 
EXPONENT OF A PRIMITIVE DIGRAPH 
J ~ J+ l  
Fro. 3. 2<~j<.n-3.  
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1) where j is some integer between 2 and n - 3, and a loop on vertex n. It is 
clear that D is not isomorphic to B~, n for i = 2 . . . . .  n - 1, because D does not 
contain a circuit of length 2. So the only thing left is to show that 7(D)  = 2 n 
- 2. We already know that 3,(D) <~ n + s(n - 2) = 2n - 2. So it will suffice 
to show that 7(1, j )=  2n - 2, or equivalently to show that there is no walk of 
length 2n - 3 from 1 to j. Note that the circuit length set of D is L(D)= 
{1, n - j ,n -1}  where 2~<j~<n-3 .  If there exists a walk P of length 
2n - 3 from 1 to j ,  then we will have 
2n-  3= ( j -  1 )+a(n-  1)+ b(n-  j )+c  
for some nonnegative integers a, b, c where a = 0 ~ b = 0 and b = 0 
c = 0. It is easy to see that the only possibility for a is a = 1. Then 
2n - 3 = ( j  - 1 )+(n  - 1 )+ b(n  - j )+c  
or n- l= j+b(n- j )+c .  But j<~n-3and b=0 = c=0.  Thus b>~l ,  
and n - 1 >t j +(n  - j )=  n, a contradiction. This proves ~,(D) = 2n - 2 and 
completes the proof of Theorem 4.1. • 
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